In this paper we study the Borel structure of the space of leftorderings LO(G) of a group G modulo the natural conjugacy action, and by using tools from descriptive set theory we find many examples of countable left-orderable groups such that the quotient space LO(G)/G is not standard.
Introduction
A group G is left-orderable if it admits a total ordering < such that g < h implies f g < f h for all f, g, h ∈ G, we call such total orderings left-orderings of the group G. We can equivalently define a group to be left-orderable if it admits a positive cone, which is a subset P of G satisfying:
(1) P · P ⊆ G;
(2) P ⊔ P −1 ⊔ {1} = G.
There is a correspondence between left-orderings of G and positive cones, by associating to each ordering < of G the set P = {g ∈ G | g > 1}; and by associating to any subset P ⊆ G satisfying (1) and (2) the left-invariant ordering of G defined by g < P h if and only if g −1 h ∈ P for all g, h ∈ G. If a left-ordering < of a group G also happens to be right-invariant, that is, g < h implies gf < hf for all f, g, h ∈ G, then it is called a bi-ordering of G. Bi-orderings correspond precisely to the positive cones that additionally satisfy gP g −1 ⊂ P for all g ∈ G. 3 In a second approach to the problem, we use the theory of countable Borel equivalence relations to show that LO(G)/G fails to be standard in the strongest possible sense for a large class of groups. To better explain, we first recall some necessary background.
Suppose E and F are equivalence relations on the standard Borel spaces X and Y , respectively. We say that E is Borel reducible to F (written E ≤ B F ) if there is a Borel map f : X → Y such that
Moreover when E ≤ B F and F ≤ B E we say that E and F are Borel equivalent (written E ∼ B F ).
We can take the statement "E ≤ B F " as a formal way of saying that the classification problem associated to E, of determining whether to elements of X are E-equivalent, is not more complicated that the one associated to F . In this precise sense Borel reducibility has been used to develop a complexity theory of definable equivalence relations. The main achievement in this area includes a series of anticlassification results showing that certain mathematical objects do not admit any reasonable classification. For example, the work of Hjorth [16] and Thomas [26] shows that Baer's classification theorem cannot be extended to torsion-free abelian groups of rank k ≥ 1. Moreover, Foreman, Rudolph, and Weiss [13] In the context of countable left-orderable groups, we can easily find examples of groups G for which E lo (G) is smooth; torsion-free abelian groups are such an example. Exploring the other extreme we show that there are also plenty of groups G for which E lo (G) is universal, beginning with free groups.
is a universal countable Borel equivalence relation.
Combining Theorem 1.2 with the results of Section 3, we deduce that E lo (G) is universal for a large class of countable groups, including hyperbolic surface groups, the pure braid groups P n with n ≥ 3, right angled Artin groups, and many others.
Generating non-smooth examples
We generate our first examples of groups for which LO(G)/G is nonstandard by appealing to the following equivalence. (E.g., see [18, Proposition 6.3] ). (i) E is smooth; i.e., there is a Borel map f : X → R such that
(ii) The space X/E with the quotient Borel structure is standard.
It is clear that E is smooth if and only if E is Borel reducible to the identity on R. Moreover, the class of smooth equivalence relations is downward closed with respect to ≤ B . So, whenever a nonsmooth equivalence relation E is Borel reducible to F defined on Y , we obtain that F is nonsmooth, hence the quotient space Y /F is not standard.
The following proposition is a consequence of classical results in descriptive set theory (see [17, Corollary 3.5] ).
Proposition 2.2. Let G be a countable group acting by homeomorphisms on a
Polish space X, and let E G be the corresponding orbit equivalence relation. If there is a dense orbit and every orbit is meager, then E G is not smooth.
With these results in hand, the fact that LO(G)/G is nonstandard for certain groups follows easily from existing results in the literature. [21] ensures that LO(F n ) is perfect. 1 Then each orbit of the conjugacy action of F n in LO(F n ) is meagre. Since LO(F n ) admits a dense orbit (cf. Clay [7] and Rivas [24] ), it follows that LO(F n )/F n is not standard by Recall that a minimal invariant set M for the action of a group G on a space X by homeomorphisms is a closed, G-invariant set M ⊂ X satisfying the following:
If C ⊂ X is any other closed, G-invariant set and C ∩ M = ∅ then C = M . From this it follows that the orbit of every point in M is, in fact, dense in M .
Proposition 2.4. Suppose that G is a countable group acting by homeomorphisms on a compact
Polish space X such that E G is smooth. Then there exists a finite orbit. 1 The same result was also obtained using techniques from dynamics by Navas [23] and, in a more general fashion, by Rivas [24] . Suppose that x 0 ∈ X is the point whose orbit is nonmeagre. Writing the orbit of Proof of Theorem 1.1. Suppose that the orbit of P ∈ LO(G) is finite. Then, given any g ∈ G, there exists n ∈ N such that g −n P g n = P . In particular, for any pair of elements g, h ∈ P this implies that g −n hg n ∈ P , so that the left-ordering associated to P satisfies g n < hg n . Since g is positive, this implies g < P · · · < P g n < P hg n , so that P determines a Conradian ordering. The result then follows from Proposition 2.4.
Remark 2.5. Note that the arguments in the proof of Theorem 1.1 in fact imply that any group G for which E lo (G) is smooth must be virtually bi-orderable.
There are many groups which satisfy the hypotheses of Proposition 1.1, such as the braid groups B n for n ≥ 5 (by [14] , their commutator subgroups are finitely generated and perfect), or the fundamental group of many compact 3-manifolds (e.g. see [5] for plenty of examples).
On the other hand, as mentioned in the introduction, if G is torsion-free abelian then E lo (G) is smooth since the action of G on LO(G) is trivial. For similar trivial reasons, if G is a so-called Tararin group (meaning that LO(G) is finite) then G is nonabelian, yet E lo (G) is smooth. The next example shows that smoothness of E lo (G) is more subtle than either G being abelian or LO(G) being finite, as it exhibits a nonabelian group G for which LO(G) is infinite, the action of G on LO(G) is nontrivial, and E lo (G) is smooth. We first recall the following standard definition. (1) QQ ⊆ Q;
(2) CQC ⊆ Q; This turns out to be much more useful for our purposes, and so will be used without reference in the examples below, as well as in the proofs of Section 3.
Example 2.8. Let z be an infinite cyclic group whose generator z acts on the abelian group Z × Z by the matrix −1 0 0 −1 . Let G denote the semidirect product (Z × Z) ⋊ z . Then z satisfies z −1 xz = x −1 for all x ∈ Z × Z. We first note that this implies Z × Z is convex in every left-ordering of G.
To see this, suppose that 1 < z < x k for some k ∈ Z, for some left-ordering of G. Then 1 < z −1 x k , and hence 1 < z −1 x k z as the right hand side is a product of positive elements. But z −1 x k z = x −k is negative, a contradiction. Thus if z > 1 then x k < z for all k ∈ Z. By similar arguments we conclude z −1 < x k < z for all 8 F. CALDERONI AND A. CLAY k ∈ Z whenever z > 1, and z < x k < z −1 for all k ∈ Z whenever z < 1. It follows that Z × Z is convex in every left-ordering of G.
Thus every left-ordering of G arises lexicographically from the short exact se- We close out this section by presenting a construction of a group T ∞ such that E lo (T ∞ ) is as simple as possible, yet not smooth. Recall that E 0 is the equivalence relation of "eventual equality" on the set of sequences {0, 1} N . Theorem 2.9 ((Glimm-Effros dichotomy [15] )). If E is a countable Borel equivalence relation, then either:
In the precise sense above, it is E 0 which is "as simple as possible, yet not smooth". Example 2.10. Here is an example of a group T ∞ , such that E lo (T ∞ ) is Borel equivalent to E 0 . For each n ≥ 1, let T n denote the group
Then each T n is a Tararin group, i.e. it is a group admitting 2 n left-orderings (see [19, Theorem 5.2.1] ). The convex subgroups of each left-ordering of T n are precisely the subgroups T i , i ≤ n, together with the trivial subgroup {id}. Thus every ordering of T n is determined by the choice of signs for the generators.
Now consider the group T ∞ given by the following presentation
For every left-ordering of T ∞ , the convex subgroups of T ∞ are precisely the subgroups T i . As such, the orderings of T ∞ are in bijective correspondence with sequences (ε i ) ∈ {0, 1} N that encode the signs of the generators according to the rule:
x i > 1 if and only if ε i = 1. Moreover, it is not hard to see that the conjugation action of T ∞ on the set LO(T ∞ ) yields an action of T ∞ on {0, 1} N given by:
is the same as (ε i ) in every entry except the j th position, which has been changed. 
Some reducibility results
In this section, we prepare a variety of results that are necessary for producing examples of groups G for which E lo (G) is universal, and in particular show that
Proof. Define f : LO(C) → LO(G) by setting f (P ) = P ∪ Q. Clearly f is Borel, in fact it is continuous. If g ∈ C, and P, R ∈ LO(C) such that gP g −1 g −1 = R, then
The last equality holds by (2) as Q ⊆ g −1 Qg implies gQg −1 ⊆ Q.
On the other hand, we next claim that if h ∈ G and h(R ∪ Q)h −1 = P ∪ Q for some R, P ∈ LO(C), then h ∈ C and hRh −1 = P .
Since h(R∪Q)h −1 = hRh −1 ∪hQh −1 is a positive cone, and hRh −1 ⊆ hCh −1 is a positive cone, then hCh −1 is convex relative to < P ∪C . Moreover P ∪Q ∈ LO(G) and P ∈ LO(C) then C is convex relative to < P ∪Q . It follows that either hCh −1 ⊆ C or C ⊆ hCh −1 , thus h ∈ C by ( * ). Since hQh −1 = Q, we have hRh −1 ∪ Q = P ∪ Q, which implies hRh −1 = P as desired.
Proof. By [3, Corollary 20] , there exists a left-ordering of F n such that F 2 ⊆ F 3 ⊆ · · · ⊆ F n are convex. Since F 2 is malnormal in F n , then F 2 satisfies ( * ). Thus the result follows from Proposition 3.1. The same proof holds when n = ∞.
Proposition 3.3. Suppose that there is a short exact sequence of groups
that K and H are left-orderable and that K admits a positive cone P such that gi(P )g −1 = P for all g ∈ G. Then
Proof. Fix a positive cone P ∈ LO(K) as in the statement of the theorem. Define
On the other hand, suppose that gf (R)g −1 = f (Q) for positive cones R, Q ∈ LO(H). Then g(q −1 (R) ∪ P )g −1 = g(q −1 (R))g −1 ∪ P = q −1 (Q) ∪ P . Applying the homomorphism q gives q(g)Rq(g) −1 = Q.
Corollary 3.4. Suppose that there is a short exact sequence of groups
where H is left-orderable and G is bi-orderable. Then
Proof. A choice of positive cone P ∈ LO(K) as in Proposition 3.3 is always possible when G is bi-orderable.
Corollary 3.5. Suppose that G is a left-orderable group with n generators, and that
Proof. There is a short exact sequence 1 → K → F m → G → 1, and free groups are bi-orderable, so we may apply the previous Corollary.
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By combining Corollary 3.5 and Proposition 3.2, it follows that
Let E(F 2 , 2) be the equivalence relation arising from the left-shift action of F 2 on 2 F2 = P(F 2 ). We shall use the fact that E(F 2 , 2) is a universal countable Borel equivalence relation (see [11, Proposition 1.8] ).
Let C be a countable bi-orderable group. We consider the restricted wreath product C wr F 2 of F 2 and C. For each function f :
Then consider the group
Clearly F 2 acts on B by a · f (x) = f (a −1 x).
The restricted wreath product C wr F 2 is defined as B ⋊ F 2 . Let W = C wr F 2 .
Then Theorem 1.2 is a consequence of the following: We recall a few properties of the wreath product, and fix notation for the upcoming proof. For each x ∈ F 2 , let
It is clear that B = x∈F2 C x ; and aC x a −1 = C ax for all a, x ∈ F 2 . Moreover we will use the fact that the short sequence
is exact. Let Q be a bi-invariant positive cone of F 2 . Now we are going to define a map sending each A ⊆ F 2 to a positive cone P A of W . Given A ⊆ F 2 , and x ∈ F 2 let
Define R A as the positive cone of the lexicographic order on B with respect to ≺ and the P x 's. That is, 
It follows that A → P A is a reduction from E(F 2 , 2) to E lo (W ).
From the previous theorem we are now able to prove Theorem 1.2. With the results of Section 3, and universality of E lo (F n ) for all n ≥ 2, it is relatively straightforward to produce left-orderable groups G for which E lo (G) is universal. Proof. With G as in (i) the result follows from Proposition 3.3. If G is as in (ii) the result follows from Proposition 3.1, and the fact that every factor in a free product is both relatively convex and malnormal. Instead, if G is as in (iii)-(v), then G is biorderable: bi-orderability of surface groups appears in [25] , pure braid groups in [9,
Chapter XV], while right-angled Artin groups are residually torsion-free nilpotent, hence bi-orderable. We can then use Corollary 3.4 as hyperbolic surface groups, pure braid groups P n (n ≥ 3), and nonabelian right angled Artin groups admit free nonabelian quotients. (See [8, Corollary 3.7] for a proof that P n , n ≥ 3 has a nonabelian free quotient.) 
